In wavelet based electron structure calculations introducing a new, finer resolution level is usually an expensive task, this is why often a two-level approximation is used with very fine starting resolution level. This process results in large matrices to calculate with and a large number of coefficients to be stored. In our previous work we have developed an adaptively refining solution scheme that determines the indices, where refined basis functions are to be included, and later a method for predicting the next, finer resolution coefficients in a very economic way. In the present contribution we would like to determine, whether the method can be applied for predicting not only the first, but also the other, higher resolution level coefficients. Also the energy expectation values of the predicted wave functions are studied, as well as the scaling behaviour of the coefficients in the fine resolution limit.
Introduction
In data analysis wavelets [1] have a large share within the methods both in scientific and industrial research and applications. The theory of using wavelet basis functions offers two possible, different interpretations. The analytic aspect reduces the decomposition of a function, image or signal to more and more simple (more and more rough) building blocks as the analysis proceeds. On the other hand, the synthetic point of view starts from a rough resolution level of a function and by adding refinements, it arrives at a sufficiently precise representation of the function that is studied. The most widespread use of wavelets is still in the image compression techniques [2, 3] , and the other applications are also mainly analyzers. Wavelets can build a basis for differential equation discretisation [4] and solving [5, 6, 7] , and the solvers have been developed and tested in various fields of science from diffusions to electromagnetic waves [8, 9, 10, 11] . In electron structure calculations wavelet basis has been present since the early nineties [12, 13, 14, 15] , and in the previous decade both a wavelet based [13, 14, 16] and a multiwavelet based [17, 18, 19] solver have been developed with chemical accuracy and massively parallel computation possibility. These solvers mostly use two resolution levels, but adaptively refining solution schemes are also given for simpler systems [20, 21, 22] . As the wavelet basis set behaves as a set of building blocks that can be chosen uniformly, independently of the system itself, we have studied the coefficients of the electron-electron cusp in the two-electron density matrix [23] , so that the electron-electron cusp could be added to a rougher resolution level solution as a last refinement step. In the following a similar idea is presented, a prediction of the next level coefficients is suggested [24] , moreover, the asymptotic behavior of the components of the predicted wavelet coefficients, the predicted energy levels, and the possibility of using the computationally cheap prediction for further refinements are studied based on the suggestions from Ref. [25] .
About wavelet analysis
In order to introduce the notations we use in the article for the wavelets, we shortly summarize the idea behind wavelet analysis. In the discrete wavelet analysis the Hilbert * nagysz@sze.hu a Széchenyi István University, Győr, Hungary, nagysz@sze.hu, b Budapest University of Technology and Economics, Budapest, Hungary, pipek@phy.bme.hu space of the problem to be solved is divided into resolution levels which are embedded into each other. The basis functions of each resolution level consist of shifted versions of one function on a regular grid, and the grid distance halves at each consecutive resolution levels. Let us use the notation for the mth resolution level scaling function
where s(x) is the "mother scaling function", and k is the shift index. As the refinement levels are embedded into one another, i.e., any function that can be exactly expanded at resolution level m can be also exactly expanded at any finer resolution level m + n. In particular, the mother scaling function belonging to the resolution level m = 0 can be expanded by the scaling functions of level m = 1, i.e. there exists a refinement equation between the neighboring resolution level scaling functions,
with
Wavelets are the basis functions of the detail space which completes a rough resolution subspace to the next, refined subspace of the Hilbert space. They are also shifted and shrunk versions of one common "mother wavelet" w(x),
The mother wavelet, as it is an element of the subspace m = 1 can also be expanded by scaling functions,
with g i = (−1) i h Ns−i . In order to simplify later usage of the basis functions, a general
basis function with a composite index λ will be introduced.
2 Prediction of the first finer resolution level coefficients in the wavelet-based solution of the Schrödinger equation
A wave function can be expanded at a given resolution level M either as linear combination of the scaling functions of the resolution level
or starting from a basic resolution level m = 0
In both of the above cases Ω m denotes the set of the non-zero expansion coefficients at resolution level m. Using expansion (7), the Schrödinger equation
can be approximated at any resolution level M, resulting in
with the matrix elements H
Here the notations of (5) were used with χ's being either 0th resolution level scaling functions or wavelets of any resolution level m = 0, 1, . . . , M − 1.
As we have mentioned previously, the point to use wavelets in solving differential equations is that most of the higher resolution level wavelet coefficients are close to zero, thus they can be omitted from the calculations. In Ref. [24] we suggested a method for predicting which of the next refinement level coefficients will be necessary to include to the refined calculation if the precision of the Mth resolution level is not sufficient, and telling whether the Mth resolution level sufficiently precise is by predicting the magnitude of the next resolution level wavelet coefficients. The method is summarized shortly in the followings. Let us suppose, that we have solved the Mth resolution level problem (9) and having determined both Ψ [M ] , and the domains of the non-zero coefficients Ω m at each resolution level 0 ≤ m < M. As an approximation for the magnitude of the next level coefficients d M,k , we can optimize the energy by adding just one wavelet from the subspace M to the wave function. The new wave function
results in a new energy
Using the Ritz variation principle for the ground state results in
The solution is
where the shorthand notation
was introduced. This value of α k predicts the real value of the wavelet coefficients d M,k not only for the ground states, but also for the excited states as it was proven in Ref. [24] . It can also be seen, that the values of alpha are approximately
is near zero.
Matrix elements and singularities
In the infinitely fine resolution limit the values
, and W M,k = w M k |Ĥ|w M k constituting the approximation α k and their scaling properties with the resolution level M can be calculated. The scaling properties of W M,k can be studied easily: it consists of the kinetic energy and the potential energy terms in one-electron systems. The generalization for multiple electrons can also be carried out. The scaling behaviour of kinetic energy term
with the resolution level M can be calculated by using the definition
and applying the variable transformation y = 2
In case of the potential energy term
the substitution (17) and changing of the integration variable to y = 2
if M is large. The values of W M,k can be seen in Figure 1 . We have applied a one dimensional harmonic oscillator model, as the potential energy term, i.e., the expectation value of a second order polynomial can be exactly calculated using the results in Ref. [26] . Similarly, the potential terms of an electron confined in a box can be calculated according to Ref. [11] . The dominance of the kinetic energy term is clearly visible on the plot. Similar calculations can be carried out for determining the behavior of the values R M,k . If M is large enough, the value ofĤ|Ψ [M ] in R M,k approximates E|Ψ [∞] very well, as well as the energy E
[M ] approximates its infinitely fine resolution level limit, the exact energy E. Using these values, the limiting behavior of R M,k can be calculated as
A Taylor series expansion of the wave function around 0
results in 2
Note, that the first moment of the wavelet, µ 1 = yw * (y)dy appears in the expression, as well as the exact energy and the derivative of the exact wave function at 0. The absolute values of R M,k can be seen in Figure 2 . The excited states as well as other basis sets result in very similar tendencies in R M,k . The value of R M,k oscillates a lot, but the overall scaling, especially for larger Ms meet the description in (23) . As it we have found previously [21, 22] , the indices, where R M,k is large are the positions where further refinement might be necessary, moreover, for most of the indices R M,k behaves very similarly to α k . The scaling properties of λ can be easily derived from (20) and (23),
For large values of λ, i.e., when R M,k ≈ 0, the predicted coefficients are approximately
, and the number of these Mth level coefficients α k is 2 M times the interval length, thus the total weight 2 M α 2 k of the Mth resolution level is less than 2 −6M . If all the resolution levels above M are omitted from the calculations, the total weight that is lost is less than
Energy predictions
Due to the improved precision of the wave functions, the energy expectation values can be also be more precise. The exact energies of the harmonic oscillator's ith excited states can be compared to the eigenenergies E pred are plotted for resolution levels M = 2, . . . , 6, which shows a clear improvement of the predicted energies compared to the eigenvalues of the previous resolution levels. If the energy differences versus the wave function norm differences are plotted on a logarithmic scale, we count on decreasing the energy errors approximately linearly as a function of the norm-square differences, i.e., a power law behavior is expected. Figure 4 shows the energy difference as a function of the norm-square difference of the solutions of the eigenvalue equations at various resolution levels and the predictions arising from these solutions for the next resolution levels. The expected linear function with slope 1 almost fits the curves.
Predictions for the 2nd finer resolution coefficients and higher resolution levels
We have demonstrated [24] , that a computationally economic calculation can predict the wave functions' next resolution level coefficients, but using these coefficients as a basis of another refinement could result in even more economic calculation scheme. Let us suppose, that we have an eigenvector of the Mth resolution level problem Ψ [M ] , and the predicted wavelet coefficients α k for the next resolution level, i.e., we have a predicted [6] 0.500000000027025 1.500000000022808 2.500000000046947 3.500000000155680 4.500000000382068 5.500000000791360 
Similarly to the first prediction, a secondary predicted wave function can be introduced by using one wavelet of the next resolution level,
a new energy expression can be derived
Applying the variation principle, the resulting coefficients, similarly to (14) are
Here, the shorthand notation covers a bit more complicated meaning
As it can be seen from the previous two sections, the energy level E M +1 pred differs not too much from the previous energy E [M ] , moreover, after a given, but not too large resolution level, the complete term E M +1 pred is negligible compared to the other component of the denominator in µ. Using the same model system as previously, in Figure 5 we have plotted pred . Note, that the coefficients of level m < M also differ for the various "solutions" of level M, however, they are not plotted due to only slightly visible differences. The figure shows, that the secondary predicted coefficients have a slight oscillation around a rather good prediction for the exact values of the coefficients. This oscillatory behaviour can be reduced by an averaging of the neighbouring coefficients (see the thin line on the figures), however, this aspect needs further investigation. eig M,k , predicted coefficients α k , and secondary predicted coefficients β k for a 1D harmonic oscillator model system using Daubechies-8 basis set for resolution levels M = 1, 3, 5. Also an averaged secondary prediction is plotted, which gives a better approximation of the real coefficients. Atomic units were used.
Summary
We have presented a prediction method for the magnitude of the next resolution level coefficients of a wavelet based electron structure calculation, if an eigenvalue calculation of the discretised Hamiltonian at resolution level M is already carried out. We have given the scaling behaviour of the predicted coefficients, which was 2 −6M and the total omitted weight if the calculation is stopped at resolution level M. We have demonstrated, that the energy expectation values with the predicted wave functions give better result than the original energies, however, an overcompensation of the errors occurs often. We have also studied the secondary predicted coefficients, that give in average a fair approximation of the real wavelet expansion coefficients, even though an oscillation around the ideal value and a slight overestimation can also be experienced in our model system.
